Vapor bubble collapse problems lacking spherical symmetry a r e solved here using a numerical method designed especially for these problems. Viscosity and compressibility i n the liquid a r e neglected. The method uses finite time steps and features an iterative technique for applying the boundary conditions a t infinity directly to the liquid a t a finite distance f r o m the f r e e surface. Two specific c a s e s of initially spherical bubbles collapsing near a plane solid wall were simulated: a bubble initially in contact with the wall, and a bubble initially half its radius f r o m the wall a t the closest point. It i s shown that the bubble develops a jet directed towards the wall r a t h e r early in the collapse history. F r e e s u rface shapes and velocities a r e presented a t various stages in the collapse. 
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Velocities a r e scaled like ( A~/~F where p i s the density of the liquid and Ap i s the constant difference between the ambient liquid p r e s s u r e 2 1 atm. and the p r e s s u r e in the cavity. F o r
Introduction
The study of the behavior of a bubble in a liquid i s greatly simplified by the a s sumption of s p h e r i c a l s y m m e t r )r . Following Rayleigh' s (1 9 1 7 ) c l a s s i c a l analysis of a problem f i r s t solved by Besant, the inviscid collapse of a spherical cavity in a homogeneous, incompressible liquid under a constant ambient p r e s s u r e , numerous authors have studied the behavior of s p h e r i c a l bubbles under a wide range of conditions. F a r l e s s i s k n r w r , about the nonspherical behavior of bubbles. Because problems lacking spherical s y m m e t r y have proven too complex f o r d i r e c t a n a l y s i s , they have been investigated p r i m a r i l y by qualitative reasoning, e x p e r im e n t s , and perturbations f r o m spherically s y m m e t r i c solutions.
A problem of p r i m a r y importance i s the interaction of a collapsing bubble with a solid surface. The e a r l i e s t theory of cavitation d a mage was based on the high p r e s s u r e s developed n e a r a s p h e r i c a l cavity which h a s collapsed to a s m a l l f r a c t i o n of i t s initial s i z e . A m o r e r e c e n t theory includes the p r e s s u r e s developed during rebound caused by the compression of a s m a l l amount of permanent gas contained in the bubble.
Calculations discussed by P l e s s e t (1 966) indicate that s t r e s s e s p r oduced by the collapse and subsequent rebound of a s p h e r i c a l bubble f a l l off rapidly a s the distance f r o m the bubble i s i n c r e a s e d and a r e too s m a l l t o damage a solid s u r f a c e unless the s u r f a c e i s quite close to the bubble.
Thus the p r e s e n c e of a solid boundary will have an important effect in destroying the s p h e r i c a l s y m m e t r y of any bubble capable of producing damage.
Another explanation of cavitation damage i s the theory, f i r s t suggested by Kornfeld and Suvorov (1 944), that damage i s caused by the action of liquid jets f o r m e d on bubbles n e a r the solid s u r f a c e . A p e rturbation study by Rattray (1 951 ) suggested that the effect of a solid wall i n disturbing the flow during the collapse of an initially s p h e r i c a l bubble could cause the formation of a liquid jet directed towards the wall.
Experiments by Benjamin and Ellis (1 966) l a t e r confirmed that jets f o r m on bubbles collapsing near a solid wall. Large vapor bubbles, generally about one centimeter i n radius, were grown f r o m s m a l l nuclei by the application of a negative p r e s s u r e . High speed photographs were taken of these bubbles a s they collapsed near a plane solid surface. The ambient p r e s s u r e was maintained a t about 0. 04 a t m during collapse s o that collapse velocities would be reduced to facilitate the photography. These bubbles were nearly spherical a s they started collapsing. F i r s t they became elongated i n the direction normal to the wall; then they tended to flatten and f o r m an inward moving jet on the side of the bubble opposite the wall.
The advantages of a numerical technique for simulating nonspherical bubble collapse a r e c l e a r . Experiments a r e difficult and give only sketchy r e s u l t s . Perturbations f r o m spherically symmetric solutions a r e not valid for large deformations. A numerical solution, however, can check results and supply detailed information. Numerical methods can also be applied to situations which might be v e r y difficult to produce in the laboratory. Mitchell, Kling, Cheesewright, and Hammitt (1 967) have considered simulation of bubble collapse using the Marker -and-Cell technique, a general method for simulating incompressible, viscid flows with an assortment of boundary conditions including f r e e surf aces. Because nonspherical collapse i s of such interest,it i s worthwhile to develop a method of simulation especially suited to these problems.
Definition of the P r o b l e m
The asymmetries caused by a solid wall should be separated f r o m those due to initial asymmetries in shape o r velocity of the type analyzed in the linearized theory of P l e s s e t and Mitchell (1956) . The bubble i s therefore taken to be spherical and a t r e s t a t the initiation of the collapse, and any other extraneous asymmetric effects such a s gravity a r e also omitted.
The following assumptions will be made:
1. The liquid i s incompressible.
2. The flow i s nonviscous.
.
The vapor p r e s s u r e i s uniform throughout the bubble interior.
4. The ambient p r e s s u r e and the vapor p r e s s u r e a r e constant with time.
5. The bubble contains no permanent gas.
6. Surface tension effects a r e negligible.
This s e t of assumptions defines the problem a s the nonspherical version of the classical Rayleigh collapse calculation. Only the f i r s t three a s sumptions a r e essential to the method of simulation developed h e r e . The l a s t three assumptions a r e made to keep the essential features of the problem in the foreground. With the absence of shocks, compressibility will not become important until speeds in the liquid a r e comparable with the speed of sound. Thus the liquid can be assumed to be incompressible with the under standing that solutions a r e valid for s m a l l Mach numb e r s only. In most c a s e s of collapse, viscosity can be neglected unless the bubble i s initially v e r y small. F o r example, viscosity i s unimportant for a spherical bubble collapsing in water under atmospheric p r e s s u r e if the initial radius i s 1 0-3 c m o r g r e a t e r . As f o r the assumption of uniform p r e s s u r e inside the bubble, this a s sumption will remain valid a s long as speeds on the bubble surface a r e below the speed of sound in the vapor.
'The problem i s specified by the following conditions: p a = ambient p r e s s u r e , pv = vapor p r e s s u r e inside the bubble, Ro = initial radius of the bubble, b = initial distance f r o m the plane wall to the center of the bubble.
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Because the flow i s irrotational, the velocity vector v can be written in t e r m s of a velocity potential q . Since incompressibility i s a s sumed, q must satisfy Laplace ' s equation throughout the liquid.
The p r e s s u r e boundary conditions can be restated in t e r m s of and v with the aid of Bernoulli's equation
Infinitely f a r f r o m the bubble the velocity i s zero, and the p r e s s u r e i s the ambient pressure. The velocity potential there i s an a r b i t r a r y function of time only, which can be taken to be zero:
Then on the f r e e surface,
The final boundary condition on the potential i s that its normal derivative must vanish a t the solid wall. Initially the potential i s uniformly zero.
As a result of the assumptions, the solutions a r e characterized by the single parameter b/R0. A solution for a particular value of b /~~ can be scaled to bubbles of any initial size under any positive collapsing p r e s s u r e Ap. Velocities a r e independent of the size of the bubble, and A a r e scaled like (Ap/ )'.
The Method of Simulation
Clearly the irrotationality of these problems i s best exploited by solving them in t e r m s of the velocity potential. A single variable gives a great simplification to almost every aspect of the calculation. If desired, both the velocity and the p r e s s u r e can be easily calculated f r o m the solution in t e r m s of the potential.
The numerical method should also reflect the fact that the interest in these problems i s centered on the flow a t and near the bubble f r e e surface. The method used here calculates the velocity only on the bubble surface. The potential should vary most rapidly near the bubble and quite slowly f a r f r o m the bubble. Thus, i t i s necessary to have a highly accurate and detailed solution near the bubble surface. F o r a finite difference method this requirement means that the grid should be finest near the f r e e surface. The procedure adopted h e r e used a s e r i e s of progressively finer nets.
Modified finite difference equations a t an i r r e g u l a r boundary, usually r e f e r r e d to a s i r r e g u l a r s t a r s , a r e essential for an accurate solution near the boundary. In their numerical study of finite -amplitude water waves Chan, Street, and Strelkoff (1 969) observed that the wavef o r m s became unstable after a few cycles using the Marker-and-Cell method. They obtained satisfactory results, however, with their SUMMAC method, a modified MAC technique using i r r e g u l a r s t a r s at the f r e e surface.
A basic question in the numerical simulation of axially symmetric bubble collapse i s whether to b a s e the finite difference scheme on spherica,l coordinates or on cylindrical coordinates. The location of the origin of the spherical system also can present a problem, especially if the bubble i s highly deformed. Because of the singularity, the origin cannot be placed in o r adjacent to the liquid. Another disadvantage of spherical coordinates i s that the boundary condition a t the wall cannot be easily imposed. In a finite difference method based on cylindrical coordinates, the boundary condition at the solid wall i s simple and straightforward to apply. F o r these reasons a finite difference scheme based on cylindrical coordinates was adopted. A spherical coordinate system, however ,with the origin on the solid wall was used in applying the condition at infinity to the outer boundary.
The problems considered a r e axially symmetric so that the bubble and the liquid surrounding i t can be described in any half plane bounded by the axis of symmetry. These problems also contain a plane solid wall s o that they can be further reduced to a single quadrant. The velocities a r e , of course, computed a t the beginning of the time step.
After the f r e e boundary h a s been displaced and the potentials on i t changed accordingly, the new bubble shape with the new potential distribution on the f r e e surface can be used for another time step.
Standard finite difference approximations similar to Shawls (1 953)
a r e used to r e p r e s e n t Laplace's equation in cylindrical coordinates ( r , z ) . The domain of i n t e r e s t in the (r, z ) -plane i s covered with a square grid, The boundary condition a t the f r e e surface enters the calculation through the irregular s t a r s . Equations for these s t a r s contain the sizes of the irregular legs as parameters but a r e derived in the same way a s the corresponding regular s t a r equations. Garabedian pointed out that,if C i s made g r e a t e r than k /p, the r e a l a'p
.
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The C and D coefficients a r e easily evaluated f r o m the potential on the outer boundary and i t s radial derivative. The A and B coefficients a r e determined by the C and D coefficients. In particular, and
The condition that the A coefficients vanish can be stated a s a relationship between the C and B coefficients:
With the neglect of the higher harmonics, Eq. (29) will be satisfied only when the potentials on the outer boundary a r e consistent with the condition a t infinity. This suggests that the B coefficients calculated from
Eqs. (28) may be used to f o r m new potentials a t the outer boundary nodal points f r o m the formula
The iteration scheme i s to solve the potential problem with the new outer boundary potentials, then find the B coefficients f r o m Eqs.
( 2 8 ) and use them to establish outer boundary potentials for the next iteration. Let a superscript n on a coefficient denote the value of that coefficient during the n'th iteration. Equation (30) Since each net i s contained i n the preceeding one, both the initial potentials and the outer boundary potentials a r e taken f r o m the pr eceeding net.
The shapes of all nets except the one used to establish the outer boundary potentials a r e a r b i t r a r y . Usually these nets were shaped to give a minimum distance of ten to twenty mesh lengths between the f r e e surface and the outer boundary. Since the method f o r finding the horizontal velocity i s essentially to subtract the known v e r t i c a l component f r o m the velocity tangential to the f r e e s u r f a c e , f r e e s u r f a c e points on v e r t i c a l net lines should not be used to define the displaced f r e e surface if the tangent to the f r e e s u r f a c e a t that point i s n e a r l y v e r t i c a l . It i s a l s o wise to eliminate one of a pair of adjacent f r e e s u r f a c e points that a r e within a few hundredths of a m e s h length of each other since t h e r e i s a possibility that their paths may c r o s s when they a r e displaced. After the f r e e boundary points of the final net a r e displaced and have had their potentials changed, they a r e used with the proper scaling to define the f r e e boundary in a l l of the nets of the next time step. To obtain the points where the f r e e surface i n t e r s e c t s the net lines, consecutive p a i r s of displaced points a r e connected by straight lines a s illustrated in Fig. 6 . A f r e e boundary point i s established wherever one of these lines i n t e r s e c t s a net line. I t s potential i s d e t e rmined by linear interpolation between the endpoints.
Equations ( 4 ) and ( 7 ) a r e a c c u r a t e only i f the velocities a r e relatively constant between consecutive t i m e steps. The c r i t e r i o n to be used in choosing the s i z e of a t i m e step should be that the velocities of the f r e e boundary points must change by l e s s than a given percentage between consecutive time steps. This i s clearly impossible for the f i r s t time step if the velocities a r e initially zero. However, Eqs. (4) and (7) can b e modified to allow a l a r g e initial step. Consider a bubble completely at r e s t a t t = 0. E a r l y in the collapse all velocities will be small. At a point on the f r e e surface o r over the f r e e surface
The initial step i s made by solving the potential problem with a potential of Ap/ p over the initial f r e e surface and calculating the r e s u l t - Benjamin and Ellis did not mention the temperature of the water, this p r e s s u r e cannot be determined directly. However, Ap can be deduced f r o m the total collapse time which they gave a s 10 millisec. The total collapse time for a spherical bubble i s , according to Rayleigh, The total collapse times for Cases 1 and 2 a r e only slightly g r e a t e r since most of the time i s consumed e a r l y in the collapse while the bubble i s nearly spherical. F o r collapse near a solid wall, then, the total collapse A vapor p r e s s u r e of 0.03 atm. corresponds to a temperature of about 7 6 "~. Speeds f o r one atmosphere p r e s s u r e difference should be inc r e a s e d by a factor of ten giving a n estimated jet speed of roughly 1 00 m / s e c so that the experimental observation of Benjamin and Ellis a r e compatible with the calculations performed h e r e .
As general conclusions we may say that i t appears very likely that cavitation damage with collapsing vapor bubbles i s caused by the impact of the jet produced by the presence of the adjacent solid wall. C o m m a n d e r C h a r l e s t o n Naval Shipyard U. S. Naval B a s e C h a r l e s t o n , S. C. 29408
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A B S T R A C T
Vapor bubble collapse problems lacking s p h e r i c a l s y m m e t r y a r e solved h e r e using a numerical method designed especially f o r these problems. Viscosity and compressibility in the liquid a r e neglected. The method u s e s finite t i m e steps and f e a t u r e s an iterative technique for applying the boundary conditions a t infinity directly to the liquid a t a finite distance f r o m the f r e e surface. Two specific c a s e s of initially spherical bubbles collapsing near a plane solid wall w e r e simulated: a bubble initially i n contact with the wall, and a bubble initially half i t s radius f r o m the wall a t the c l o s e s t point. It i s shown that the bubble develops a jet directed towards the wall r a t h e r e a r l y in the collapse history. F r e e s u r f a c e shapes and velocities a f e presented a t various s t a g e s in the collapse. Velocities a r e scaled 1 like (aplp where p i s the density of the liquid and Ap i s the constant difference between the ambient liquid p r e s s u r e and the p r e s s u r e i n the cavity. F o r atm' -the jet had a speed of about 130 m / s e c i n the f i r s t c1 density of water c i s e &nd 170 m / s e c in'the second when i t s t r u c k the opposite side of the bubble. Such j e t velocities a r e of a magnitude which c a n explain cavitation damage. The jet develops s o e a r l y in the bubble collapse h i s t o r y that compressibility effects in the liquid and the vapor a r e not important.
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